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MATHEMATICAL MONTHLY PRIZES. 


WE are informed that some of the conditions under which these Prizes are offered 
are not well understood; especially by those whose attention was first called to the 
matter in the last number of the Montuiy. There are two classes of Prizes; 
I. For Sotutions. In each number of the Monruy we give five problems, entitled 
Prize Problems for Students. The first and second of these problems are quite simple, 
and are intended fur students in High Schools, Academies, and all Institutions not 
conferring degrees; and for the best solutions of which a copy of the Monthly is given 
as a prize. The third, fourth, and fifth problems are somewhat more difficult, and are 
open to the competition of all students, whether connected with an Educational Insti- 
tution or not. For the solution of these problems, two prizes are offered ; a first prize 
of six dollars, and a second prize of four dollars. Conpitions: All the steps in each 
solution must be fully given; cuts, if any, must be neatly drawn, of the proper size, 
and the whole communicated in a plain and legible hand-writing. The name of the 
competitor, as well as the Institution with which he is connected, if any, must be 
written on a separate slip, which must also be signed by his Teacher, as evidence that 
the party is fairly entitled to compete for the prize. Credit will in all cases be given 
for all solutions received. II. For Essays: Five prizes are given for essays; a first 
prize of fifty dollars; a second prize of forty dollars ; a third prize of thirty dollars ; 
a fourth prize of twenty dollars ; and a fifth prize of ten dollars. ‘The first and sec- 
ond of these prizes are open to all competitors; the third, fourth, and fifth are open 
to all students, and under the same conditions as the prizes for the third, fourth, and 
fifth problems. ... . Our contributors will much oblige us by using, as far as possible, 
the cuts already engraved for the Montuty. In many cases a few more lines and 
letters will adapt the cut to the new problem; and these additions can be readily 
made, thus saving us the trouble and expense of engraving an entirely new cut. 
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PRIZE PROBLEMS FOR STUDENTS. 


I. Ir two circles touch each other, any straight line passing 
through the point of contact cuts off similar parts of their cir- 
cumferences. 

II. Find the four roots of the recurring equation 


@—Se+27%—f$r7+1=—0. 


Ii. If 2cos @ = u + =, prove that 2 cos 20 = w+, 200830 


2 cos 26 = u" + 5 and then find the sum of the 
series, cos 6 + cos2 6 + cos 30 + cos n 0. 


IV. Having given the Right Ascensions and Declinations of two 
stars, to find the formula for the distance between them. Also, find 
what the distance becomes, when for one star A. R. is 8° 12™ 38°.17, 
and Dec. 17° 23’ 49”.8 north, and for the other A. R. is 13" 28" 19.92, 
and Dec. 21° 12’ 37”.2 south. 


V. In a frustum of any pyramid or cone, the area of a section, 
parallel to the two bases and equidistant from them, is the arithmet- 
ical mean of the arithmetical and geometrical means of the areas of 
the two bases. 


The solutions of these problems must be received by February 1, 
1860. 


VOL. IL 10 





REPORT OF THE JUDGES UPON THE SOLUTIONS OF THE 
PRIZE PROBLEMS IN No. XI. Vol. I. 


Tue first Prize is awarded to Gustavus FRANKENSTEIN, Springfield, 
Ohio. 

The second Prize is awarded to Asner B. Evans, Madison Univer- 
sity, Hamilton, New York. 


PrizE SoLuTiIon oF Prosiem I. 
By Gustavus FRANKENSTEIN, Springfield, Ohio. 
Solve the equations 
rty=a 
@+y) (e@+y/)=4, 


and give a discussion of the values of the roots. 


Squaring and cubing x + vy = a, we get 


P+ 2e4y¥tevo=e*+3ry74+32¢fFf+/7=a. 
P+ /7=—e0—2ry, P+/=¢ —38ey(e+y)=—e@— Bary. 
o.(@+%) (¢?+ /7) = (é — 38axry) (@ — 2xry) = 6. 
-.6a7?7—5décytad=—d; 

and solving we get 

ry = 5a + sl a ad, =¢. 

Hence, knowing the sum, a, of « and y, and their product, g, their 
values will be given by the quadratic 27 —azx+9¢= 0. 

Solving we get 


ee oy oe a eee eS Ly 
t=5t+3V¥@—4g=>543)—teF —— 


Discussion. — Case I. When a and b have the same signs. Since 
—1id@ is negative, whether a be positive or negative, it is evident 
that two of these values of z will always be imaginary. If a and b 
are of the same sign, ¢ is real, since a (246 + a’) is positive; and z 





will have two real values when ya (244+ a) > 2a°; or when 
a (246+ @&) > 40°; or 8b >a. If this condition be not fulfilled, 
all the roots are imaginary. When 84 = @ the roots are equal. 

Case Il. When a and b have different signs. In this case ¥ a (24 6 +a’) 
will be imaginary unless 244 < a’, after which, that x may be real, 
8b should be = or > a’; but as these conditions are contradictory, 
all the roots in this case are imaginary. Hence the conditions that 
there may be two real roots are, first, that a and 4 must have the 
same sign; and second, that 8b = or > a numerically. 

Indeed, by referring to the given equations, we see that if # and y 
are real, 27+ y/* is positive; and since z* + 7’ is always of the 
same sign as x + y =a, therefore 6 will also be of the same sign 


asa. If we suppose the roots equal, the proposed equations become 


2z—a,and 42°—b. Therefore, 4 (<)’ = 6; or 8b) =a’; which, 


as before, exhibits the transition from real to imaginary roots. 
If {a+ 2 and 4a — =z be substituted for z and y in the proposed 
equations, the resulting equation in z will be 


48a2A+ l6¢?2+ 0 —8b= 0. 


Now a being real, z must be real, for all real values of z= } a + 2; 
therefore, for real values of z, 2 and 2 are essentially positive. But 
in this equation the term containing 2 is wanting, and since the 
signs of its adjacent terms are the same, whether a be positive or 
negative, it appears from Descartss’s theory of signs that 2 has 
always two imaginary roots; and when the signs of a and 4 are 
unlike, all the terms will be either positive or negative for real 
values of z, and therefore their sum cannot be nothing; hence, 
«= 4a + 2 cannot be real when a and @ have different signs. But 
when a and 6 have like signs, there will be two real roots when 
8b > a’, for then the equation, having its last term negative, cannot 
have all its roots imaginary. When 84 = «, 2 = 0, which corre- 





am 76 «= 


sponds to the equal roots of z = 4a + 0 = y, the other factor giv- 
ing the imaginary roots. 


Prize Souvution oF Prostem II. 
By GusTAVuS FRANKENSTEIN, Springfield, Ohio. 


Let A, B, C be the angles, and a, b,c the opposite sides, of a plane triangle; it is 
required from the relation 
sn A sinB__ sin 
—c- -—  «o 
to deduce the formula 
a = P+ ce — 2be cos A. 
Since A+ B+ C= 180°, C = 180° — (A+ B); and 
snd sinB_ sin@ 
—_ - * 
gives 
(1) esinA = asinC=asin(A-+ B) 
j = «a (sin A cos B +- cos A sin B). 


‘ . ‘ 6 sin A ; ‘ 
Substitute for sinB its value - = , and for cosB its value 


= dd and (1) becomes, after dividing by sin A, 


e= Va — # sin? A+ 6 cos A. 
..@ — § sin? A = (¢ — bcos A)’ = c* — 2be cos A + # cos’ A; 
‘= 2 + B# (sin? A + cos? A) — 2be¢ cos A 
= e+ #? — 2bc cosa. 


Prize SOLUTION oF PrRoBLEmM III. 


By Asapn HAtt, Assistant at Harvard College Observatory. 


A number x of equal circles touch each other externally, and include an area 
of a square feet; to find the radii of the circles. —- Communicated by ARTEMAS 
Martin, Esq. 


Joining the centres of the equal circles, we shall have a regular 


polygon of n sides, each side being equal to 2r, twice the required 
radius. 





. = 


Join the centre of the polygon with the centre of each circle. In 
each of the x equal triangles thus formed, the angle at the centre of 


° ° 2a 
the polygon is one xth of four right angles, or —-; and the sum of 


2x (n — 2) a 
no n 
angle of each of the m equal sectors. The altitude of each triangle 


the remaining angles of each triangle is a — = the 


. 7 Tw e . 
is 7 cot, and therefore 7? cot- is the area of each triangle, and 
n 


7 » ° 
nr cot — the area of the polygon. The area of each sector is 


?(n —2 ?(n —2 
as =) *, and of the x sectors, ? 2 Lf. 


Prize Sotution or Prosiem IV. 
By Davip TrowsrincE, Perry City, Schuyler Co., N. Y. 
If the sides of a spherical trapezium be denoted by a, 6, c,d, the diagonals by 
5, and §,, and the distance between the middle points of the 
diagonals by 4; show that 
cos a -+- cos b+ cos c + cos d = 4 cos § 4, cos 4 3, cos 4. 


— Communicated by GeorcGe Eastwoop, Esq. 


Let B and P be the middle points of the 
diagonals 6, and 4, then in the triangles F B H, 
HBD, DBI, IBF, we have from a funda- 
mental formula of spherical trigonometry 


cos 6 = cos} 6, cos B H+ sin} 3, sn B H cos HB F, 
cosa = cos} 8, cos B H+ sin $4, sn B H cos HB D, 
cose = cos} 9, cos BI -+- sin} 8, sn BI cos DBI, 
cos d= cos} 4, cos BI + sin} 4, sn Bl cos IB F, 

.-. cosa + cosb + cose + cosd = 2 cos } 3, (cos B H-+- cos BI), 





ome FQ a 


since HB F and HB D, as well as DB 1 and IB F, are supplemen- 
tary, their cosines having opposite signs. But in the triangles B JP 
and B HP we have 
cos B H = cos } 8, cos 4 + sin} 8, sin 4 cos B P H, 
cos B [= cos } 3, cos 4 + sin} 8, sin 4 cos BP J, 
.. cos B H+ cos B [= 2 cos } 8, cos J, since the angles B P H and 
BPTI are supplementary. 
*. cosa + cos b + cose + cosd = 2 cos } 3, (cosB H+ cos B I) 


= 4cosi 


~ 


1 
9 
1 
) 


8, cos } 8, cos Z. 


PrizE SOLUTION Or PROBLEM V. 
By Asuer B. Evans, Madison University, Hamilton, N. Y. 

From an urn containing four white and four black balls, four are repeatedly drawn 
and replaced. A agrees to pay B one dollar every time the four balls drawn are 
equally divided between white and black; but if three, or all four, are of the same 
color, B is to pay A one dollar. Who has the advantage, and what is its value for 
each drawing ? — Communicated by Smwon Newcoms, Esq. 

The whole number of different fours which can be drawn out of 
the eight balls is 

$ 8 (8 — 1) (8 — 2) (8 — 3 

Dae ee ee? a % 

: 1.2.3.4 
Since “A agrees to pay B one dollar every time the four balls are 
equally divided between white and black,” the number of the 70 in 
B’s favor is 


Cx C= 36, 
4 4 
and the number in A’s favor, since three of the four may be white 


and one black, three black and one white, all four white, all four 
black, is 


2(0x O+ 0) = 34. 
4 4 4 
Therefore B has the advantage, which amounts to two dollars in 70 
draws, or one thirty-fifth of a dollar for each drawing. 


CHAUNCEY WRIGHT. 
TRUMAN HENRY SAFFORD. 





NOTES AND QUERIES. 


1. The greatest Common Divisor. Case 1. When the given numbers are 


such as may be readily factored. The following process is based upon 
the well-known principle of di- 


viding by component factors. _EXampLe. 
It is evident that if several 





210 252 





numbers have a common divi- 
sor, they may all be divided 
by any component factor of 
this divisor, and the resulting 
quotients by another of the 
component factors; and so on. 

Case Ll. When the factors of the given numbers are not readily appar- 
ent. The well-known rule of dividing the greater by the less, the 


105 = 126 





35 














Greatest common divisor —=2 KX 3 X 7= 42. 


last divisor by the last remainder, &c., need not be repeated. But 
Ovenaseen. the method, or form of work, given here, 

is recommended to teachers as being 
147599 more concise and elegant than the usual 
49941 | method, requiring less time and less 





167463 


13938 


6003 
5796 EXAMPLE. 


nied What is the greatest common divisor 
of 73761 and 167463 ? 

The operation needs no explanation. 

—J. C. Porter, Professor of Mathematics in Clinton Liberal Insti- 
tute, Clinton, N. Y. 

2. Equation of Payments.— There is probably no mercantile cal- 

culation that is more tedious than the averaging of accounts, or 

Equation of Payments. The labor of computation may be much 


space on the slate or blackboard. 




















Ans. 69. 





_— 


diminished by performing all the multiplications at once,— first 
multiplying by all the units’ figures of the several multipliers, then 
by all the tens’ figures, and so on. 


EXAMPLE. 


Required the average time of payment of $371 due in 15 days, 
$ 25 due in 84 days, $1603 due in 107 days, and $885 due in 138 
days. 
871 X15 Commencing with the units’ figures of the multi- 
25 x 84 pliers,say8 X 5+7x 3+4-x5+5x 1= 86. 
oe -“ wa Set down 6, and carry 8§ 8+ 8x 8+7 x 0+ 
“20956 4x 2+5x 7= 115. Set down 5, and carry 11. 
3226 ll+8x 8+7x6+5 xXx 3=182. Set down 
— 2, and carry 13. 13+ 7 x 1= 20, which is to be 
301316 
set down. 
3x5+0x3+8 x 5+1x 1= 56. Set down 6 in tens’ 
place, and carry 5. 5+3x8+0x0+8x2+1 x 7= 82. 
Set down 2, and carry 56. 5+3x8+0x6+1 x 3= 382, 
which set down. 
1x 5+ 1 Xx 3 = 8, which is to be set down in hundreds’ place. 
1x 8+ 1x 0 = 8, which set down. 1x 8+1 x 6=14. 
Set down 4, and carry 1. 1-+ 1 Xx 1= 2, which set down. Add- 
ing these partial products, we find the sum of the several products 


is 301316, as may be easily proved by multiplying in the usual way. 

A little practice will enable one to perform the multiplications 
with nearly as much facility as simple addition. The products should 
be mentally announced and added together, thus: 40 and 21 and 20 
and 5 are 86. 8 and 64 and 8 and 35 are 115. 11 and 64 and 42 
and 15 are 182. 13 and 7 are 20, &c., &c.— Puy Earte Cust, 
Philadelphia, Pa. 





— 


3. Decomposition of the irreducible rational fraction co oe zy into 
simple fractions of the forms 
ax+b ke &e. 
(2 — a)? + #)” ((e— a)? +B)” 
Divide f(x) by (« — a) + *; the remainder of this division 
will be the numerator of the first fraction sought. For the division 
will give an equality of the form 


f(z) = ((@—@ +B) A(z) +aze+s; 
F (2) i ae ee rn Ai («) 
(@—«)? +f) (e@—a)* +H) © (e— 2)? + f"-** 

By dividing in like manner the quotient /, (x) by (« — a) + p?, 
the remainder of this second division will be the numerator @ x + 0’ 
of the second fraction sought; and so on.— Nowvelles Annales de 
Mathématiques, Septembre, 1859. 

The student will see the simplicity of this method of decompo- 





whence 








sition from the following example. Decompose —— ey 
Sat 6a°—82+20 68 5a? + 162+ 24 
(a — 2)* — (« —2)* + (2—2)> 











at 68 76 5x + 26 
~~ (a — 2)4 + (a — 2)° a (x — 2)? 





68 76 36 5 
= @—7 + @—y + Gy TE 
Tt is obvious that this method can be applied to any fraction of 
the form ray in which / (7) is of a higher degree than F (2). 





REVIEW OF THE PRIZE SOLUTION OF THE LAST PROB- 
LEM IN EMERSON’S NORTH AMERICAN ARITHMETIC.’ 


By Hon. Frntey Biccer, Register U. S. Treasury, Washington, D. C. 


Tue following review of the Prize Solution of Problem 137 in 
FEmerson’s North American Arithmetic, Part Iil., was submitted to 
the National Teachers’ Association at its late session in Washington, 
and referred to the Mathematical Monthly for publication. 

For the purpose of elucidation, it is assumed that the question is 
susceptible of two constructions. The one adopted in the Prize So- 
lution considers each term of supposition, compared with the term 
of demand, as separate and distinct propositions, and that the words 


“the grass being at first equal on every acre, and growing uniform- 


ly,” demand that the acres, in each condition of the question speci- 





* PrizE QUESTION 137.—“ If 12 oxen eat up 3} acres of grass in 4 weeks, and 21 oxen 
eat up 10 acres in 9 weeks, how many oxen will eat up 24 acres in 18 weeks; the grass being, 
at first, equal on every acre, and growing uniformly ?” 

In June, 1835, a premium of $50 was offered for the most “lucid analytical solution” of the 
last question in the Third Part of Emerson’s North American Arithmetic ; and subsequently 
a committee to examine the solutions presented, and award the premium, was raised in the 
manner proposed. The committee have given a very careful and patient attention to the labors 
of the trust confided to them, and they now make the following 


REPORT. 

The whole number of solutions presented was 112, of which 48 gave the true answer. After 
excluding those solutions which gave incorrect answers, the committee proceeded to diminish 
the remaining number, by excluding those which were algebraical, and also those which were 
performed either by position or proportion, retaining for the comparative examination such only 
as were strictly analytical. The solution for which the committee have awarded the premium 
was presented by JAMES Rosrnson, Principal of the Department of Arithmetic, Bowdoin 
School, Boston. It is as follows : — 

SoLuTion. — It is evident that a part of the given number of oxen, in each condition of this 
question, must be supported by the grass at first standing on the given number of acres, and 
that the remaining part must be supported by the growth. It is also evident that the number 
of oxen that can be supported by the grass at first standing on the ground must be in a direct 
ratio to the number of acres, and in an inverse ratio to the time of grazing. And it is further 
obvious that the number of oxen that can be supported by the growth of the grass must be in 
a direct ratio to the number of acres, without any regard to the time of grazing, because the 





= 


fied, shall be so increased proportionally, as that the answer to each 
supposition, thus separately considered, shall be precisely the same 
in amount, or such that one answer will be alike the ratio of either. 

The other insists that the words “deg equal and growing uniform- 
ly,” are merely suggestive of condition, and do not authorize an in- 
crease of the numerical expression of the acres of grass specified in 
the terms of the proposition. 

This second interpretation regards the alleged qualifying language 
as indicating no mathematical ratio, or measure of value, and con- 


cludes, therefore, that the solution of the question must proceed as 


if this phraseology were omitted, and the acres designated as tons 
of hay. And, thus considered, but one answer is possible, and this 
the expression of the mean ratio of the two terms of supposition 
through the one term of demand. 


We offer a few words by way of analysis and criticism of the 





number of oxen that would consume the growth of any given number of acres during any given 
time, would consume the same growth continually. 

By the first condition of the question, 12 oxen consume 3} acres of grass and its growth in 4 
weeks; the 10 acres being 4° of 34 acres, it would require 42 as many oxen to consume 10 
acres of grass and its growth in the same time; and 12 oxen multiplied by 4 are 342 oxen. 
To consume the same in 9 weeks would require only 4 as many oxen, and 34% oxen multiplied 
by 4 are 15,5, oxen. 

By the second condition, 21 oxen consume 10 acres of grass and its growth in 9 weeks, and 
21 oxen less 15,5, oxen are 54$ oxen. Then it follows, that 54¢ oxen in 9 weeks would con- 
sume the growth of 10 acres of grass during the 5 remaining weeks. To consume the growth 
of 10 acres during 9 weeks would require 2 as many oxen, and 54% oxen multiplied by ? are 
10}% oxen. Then, 21 oxen less 10}3 oxen are 103? oxen. Hence it is evident that 1032 
oxen, in 9 weeks, would consume the grass at first on the 10 acres; and it is also evident that 
10} oxen, in 9 weeks, would consume the growth of the 10 acres of grass during the 9 weeks. 

The 24 acres in the third condition being ?4, or 23 times 10 acres, it would require 23 times 
1032 oxen to consume the grass at first on the 24 acres in 9 weeks; and 103? oxen multiplied 
by 22 are 25,8%, oxen. To consume the same in 18 weeks would require only ,%, or 4 as many 
oxen; and 25,8.% oxen, divided by 2, are 12122 oxen. And to consume the growth of the 24 
acres of grass during the 18 weeks would require 2? times 10}4 oxen; and 10}% oxen multi- 
plied by 22 are 241$% oxen. 

Lastly, 12422 oxen plus 24486 oxen are 37}44 oxen, the number required. 

By order of the Committee, 
P. MACKINTOSH, Chairman. 
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Prize Solution. By analysis the author arrived at the following 
results. “Hence, it is evident that 1032 oxen, in 9 weeks, would 
consume the grass at first standing on the 10 acres; and it is also 
evident that 103? oxen, in 9 weeks, would consume the growth of 
10 acres during the 9 weeks.” If 10 acres, in 9 weeks, grow 10 
acres, 24 acres in 18 weeks would grow 48 acres; and thus the 
Prize Solution presents us with the following propositions, which 
produce the final result. If 1022 oxen, in 9 weeks, eat the grass at 
first on 10 acres, how many oxen will eat the grass at first on the 
24 acres, in 18 weeks? and if 10}? oxen, in 9 weeks, eat the growth 
of 10 acres, how many oxen will eat the growth of 24 acres, which 


; 24 x9 xX 103% __ 48 Xx 9 x 1048 
. tae 9132 . : 
is 48, in 18 weeks? Dx = 12132 oxen; 10 x 18 


= 24186 oxen, and 12132 + 24158 — 37113 oxen, the same as 
given by the Prize Solution. If this be what it purports, the true 
answer, by inverting the oxen in the above statement, the same 
answer must be obtained. 


24 9 X 1043 7 
Th ae Ga = 12,45 oxen ; 
and 12578 + 25.5% = 37487 oxen, the answer. And thus is ex- 


hibited. the fact that this solution, as well as 37113, fulfils the con- 


ditions of the question ; for 374 oxen is equally the answer with 
37442 oxen. 


The second interpretation furnishes the following solution. If 


12 oxen, in 4 weeks, eat 34 acres of grass, how many oxen will eat 
24 acres in 18 weeks? And, if 21 oxen, in 9 weeks, eat 10 acres 
of grass, how many oxen will eat 24 acres in 18 weeks? First 


4 X12X 4 __ g9 24 x 21x 9 
34 X 18 10 X 18 
18? + 25} = 4317 oxen; 24 + 24 = 48 acres. If then, 4317 
oxen, in 18 weeks, eat. 48 acres of grass, it is self-evident that it 
will require }$ of 4347 oxen to eat } the number of acres, 24, in 


oxen ; second, = 25} oxen, and 





= 


the same length of time, 18 weeks, and 4 of 4343 — 212% oxen, 
the answer. 


Note. — We have appended the Prize Solution, to give our readers an opportunity to judge 
for themselves. It does not seem to us that there is any ambiguity in the statement of the 
problem, nor much difficulty in its solution; and we add the following for those who may wish 
to study it. Let unity denote the amount of grass at first on each acre, g the growth on each 
acre per week, and z the required number of oxen. Then, from the first condition, 1 +- 49 is 
the amount of grass consumed from one acre in 4 weeks, (1 4-49) 34 the amount from 34 
res, (it £9) 88 the amount consumed by one ox in 4 weeks, atin st 


sumed by one ox in one week. From the second condition, 1 +- 9g is the amount of grass con- 


ac the amount con- 


sumed from one acre in 9 weeks, (1-+-9g) 10 the amount from 10 acres, ates the 


amount consumed by one ox in 9 weeks, as =f u 1° the amount consumed by one ox in 1 week. 
From the third condition, teens is the amount consumed by one ox in 1 week. There- 
fore 
(1+49)38§ _ (1+ 9g) 10 
“2x4 2x9 
(14+189)24 (149g) 10 
cs @#4«3C1 
By solving these equations we get x = 37449, which is the only number of oxen which will 
satisfy all the conditions of the problem. 





SOLUTION OF CUBIC EQUATIONS BY THE COMMON 
LOGARITHMIC TABLES.* 


By A CORRESPONDENT. 


. By removing the second term, in the usual mode, every cubic 
takes the form 2-+-ax=b. Assume x= y- 2z, and 3yz=—a. 
By substituting these, the given equation will become 7’ + 2 = b. 
From the last two equations, the value of y* and of @ can be found 
by a quadratic. Since z = y + 2, we thus obtain Carpan’s formula, 





* For the trigonometrical solution of equations of the second, third, and fourth de- 
grees, the student may consult CaGNo.t’s Trigonométrie, Chap. XIV.; or CHAUVENET’S 
Trigonometry, pp. 95-100, for the solution of equations of the second and third de- 
grees. — Ep. 
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=() {G+v1+06))+0-v@@){ 
In adapting this expression to the logarithmic tables three cases are 


presented. 


‘ 2 ' 2 (a\} b i ' 
I. When a is positive. Make tanv = ; (<) , or 1 (<) + sinv; 


2 cos v 3 





then by trigonometry, 
= (5)' (1+ VT-F tans) + (1 — v1 + tan’ ?)'}, 
=()' {Q+a)+0-a) }. 
= V3 | -E}. 
= V5 { (cots) — (1an5)'f. 


This equation may be further simplified by making tan «= (tan 4) ; 
then 








S == V3 (cot w — tan w). 


= 24/5 cot 2 u. 


In this case there is but one real root. When 4 is negative it will 
only change the signs of v and w. 


Il. When a is negative and of such value that = = (< )) is less than 1. 


. 2 fa\i 
Let sin v = ; (5) ; then 


z= (2)' (1 + cose) + (1 — cos»)}} 
= (b) } (cos 5) 4 (sin’ yt (° 
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For logarithmic computation, let 


v\t cos? = sin? 2 (cos ° sin \ 
tanu = (tan), or '== __3 = _ hata 
2 cos? u sin? u cos U sin % 


v bt cost © 
a2 = 6 cos!= (1 + tan?w) = ____2 
2 cos? % 


__BG)tsinty 2/5 


S ote & —— ees 
> sin 2 u sin 2 wu 


In this case, also, there is but one real root; and when 4 is negative, 
the arcs v and u will be negative, as before. 
Ill. “ The irreducible case.” When a ts negative and of such value that 


: (<)' is greater than 1. 


b /3\8 
Make cos v = ; (°) ; then 


% a= rE {(cosv + ¥ — I sinv)t + (cosy — ¥ — I sinv)}}. 

By applying Demotvrr’s theorem, the imaginary quantities disap- 
pear, leaving x= 2 \/ 5 cos > But this cos 5 corresponds to the ares 
v, 360° + v, and 360° — v. Dividing by 3, and putting 120° under 
the form of 180° — 60°, we find the other two roots, 


z= —24/$ cos (60° — §), 
#=— 24/5 cos (60° +3). 
We are now prepared to recapitulate ; it being recollected that 10 


should be algebraically subtracted from the index of the logarithmic 
sines and tangents. First bring the given cubic to the general form 


2+ axr= bd. 
I. When the coefficient a is positive. Find 


= # (2); tone = (unt); «= 24/3 
tan» = = (¢ ; tanu = (tans); 7= 2 3 cot 2 u. 








= 
Il. When a is negative, and ; (<)' less than 1. Find 
, g . z\5 ; 


2 (a\i v\} aye 
sinv = 5 (%) ; tanu = (tan 5) ;7= 2. 


sin 2 u 


Ill. When a is negative, and ; (<)' greater than 1. Find 


b (3\3 aso ‘a v 
a EK). ge = 94) e cose: oe 94/5 - ae * 
cosy = 5(“) 5 = 24/5 cost; 2 = 2.4/5 cos (60 *) ; and 
a ih 2 2 
= —24/5 cos (60 + 5). 
2 fa\t b\t 
~(-) <= = 3{- 
In the case where ; (<) =lLe=3 () 
Thus all the real roots of any cubic equation may be found by 
logarithms. It is perhaps unnecessary to remark, that in these 
values of 2, the coefficient a is to be taken as numerically positive, 
irrespective of its algebraic sign. The investigation of these solu- 
tions is new in part, and will be found convenient for reference. 


EQUATIONS OF THE SECOND DEGREE. 
(1.) a+ pax ¢. (2.) w2#—pr=q. 
SOLUTION. SoLuTIon. 
tan A == Vg, tan A=" Vg, 
z= yq tan} A, “z=—yqtaniA, 
2=—yqcoti A, a=yqcoti A. 
(3.) e+ prs —g. (4.) a — pr = —4. 
If p? <4q the roots of (3) and (4) are imaginary. 
Sorovrtion. SOLUTION. 
. 2 . 2 
sin A = 7 V9. sin A =~ V¢ 
4#—=—yq tani A, z= yq tan} A, 
a4=—yqcoti A. 24=yqcoti A. 
We have taken the liberty to add trigonometrical solutions of 
equations of the second degree, and commend them, as well as Cor- 
respondent’s cubics, to the attention of students. — Eb. 





THE MOTIONS OF FLUIDS AND SOLIDS RELATIVE TO 
THE EARTH’S SURFACE. 


[Continued from page 406, Vol- I.] 


SECTION V. 


ON THE MOTIONS OF THE ATMOSPHERE ARISING FROM LOCAL DISTURBANCES. 


58. Brsmwes the general disturbance of equilibrium arising from 
a difference of specific gravity between the equator and the poles, 
which causes the general motions of the atmosphere, treated in the 
last section, there are also more local disturbances, arising from a 
greater rarefaction of the atmosphere over limited portions of the 
earth’s surface, which give rise to the various irregularities in its 
motions, including cyclones or revolving storms, tornadoes, and 
water-spouts. When, on account of greater heat, or a greater 
amount of aqueous vapor, the atmosphere at any place becomes 
more rare than the surrounding portions, it ascends, and the sur- 
rounding heavier atmosphere flows in below, to supply its place, 
while a counter current is consequently produced above. As the 
lower strata of atmosphere generally contain a certain quantity of 
aqueous vapor, which is condensed after arising to a certain height, 
and forms clouds and rain, the caloric given out in the condensa- 
tion, in accordance with Espy’s theory, produces a still greater 
rarefaction, and doubtless adds very much to the disturbance of 
equilibrium, and to the motive power of storms. So long, then, as 
the ascending atmosphere over the area of greater rarefaction is 
supplied with aqueous vapor by the current flowing in from all sides 
below, the disturbance of equilibrrum must continue, and conse- 
quently the local disturbances of the atmosphere to which it gives 


rise, whether those of an ordinary rain storm, or a cyclone, may 


continue many days, while the general motions of the atmosphere 
may carry this disturbed area several thousands of miles. 
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59. In the ordinary rain-storms of the United States, the area 
of greater rarefication seems to be, in general, very oblong in the 
direction of the meridians, as is shown by Espy’s charts. The at- 
mosphere becoming more rare over the land, a current seems to set 
in from the Atlantic towards the Rocky Mountains, causing an 
ascent of the atmosphere in the west, and a line of greatest rarefac- 
tion in the direction of the meridians, arising from the condensation 
of the ascending vapor into clouds and rain, while the general 
motion of the atmosphere eastward, in those latitudes, carries this 
area of greater rarefaction, with its accompanying rain-storm, to- 
wards the east, at an average rate of about 30 miles per hour. As the 
velocity of the general eastward motion of the atmosphere is greater 
above, the rainy portion of the storm is for the most part on the 
east side of the line of greatest rarefaction, and as the currents be- 
low must be towards this line on both sides, when it passes over any 
place, the rain generally ceases and the wind changes. 

60. When the area of rarefaction is such as to cause the atmos- 
phere to flow in from all sides below towards a centre, and the 
reverse above, the disturbed portion of atmosphere, if it were not 
that its motions are resisted by the earth’s surface, and the surround- 
ing undisturbed part, would assume the outline and the gyratory mo- 
tion in the case of no resistance, as represented in Fig. 3 and Fig. 4. 
But on account of the resistances, the motions of the atmosphere are 
very much modified, so that it has only a tendency to assume in 
some measure those motions, and instead of the atmosphere’s re- 
ceding entirely from the centre, on account of the rapidity of the 
gyrations near the centre, as represented 
= = in Fig. 3, it is only a little depressed in 
Fig 6 the middle, as represented in Fig. 6. 


ee 


61. Since the force which produces the gyrations depends upon 
D, r, that is, upon the velocity of the flow to and from the centre, 
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it is evident, that, at the centre and at the external part of the 
disturbed portion of atmosphere, where D,r must vanish, the resist- 
ances destroy all gyratory motion. Hence, instead of very rapid 
gyrations near the centre, as in the case of no resistances, there 
must be a calm there, and the most rapid gyrations be at some dis- 
tance from the centre, in accordance with observation. The diame- 
ter of the comparatively calm portion, in the centre of the large 
cyclones, is sometimes about 30 miles. The velocity of gyration of 
the external part, which, in the case of no resistances, is small, is 
in a great measure destroyed by the resistances of the surrounding 
atmosphere, so that it is, for the most part, insensible to observation, 
and only the more rapid gyrations of the internal part are observed. 
The motion of gyration combined with the motion at the earth’s 
surface towards the centre, gives rise to a spiral motion towards 
the centre, exactly in accordance with the observed motions of the 
atmosphere in great storms or hurricanes, as has been shown by 
ReEpFIELD, in a number of papers on the subject, published in the 
American Journal of Science. 

62. According to (§29) the gyrations of the inner part of a 
cyclone must be from right to left in the northern hemisphere, and 
the contrary in the southern, which is the observed law of storms 
in all parts of the world, as shown by Repriexp, and also by Ren, in 
his Law of Storms. It is also evident that at the equator, where 
cos 6 vanishes, there cannot be a cyclone, and hence, of all those 
which Repriztp has investigated, and given in his charts of their 
routes, none have been traced within 10° of the equator. The 
typhoons or cyclones, also, of the China sea, have never been ob- 
served within 9° of the equator. 


63. That the atmosphere must run into a gyration, if it con- 
verge towards a centre, is evident from the principle demonstrated 
in (§32), by which, in flowing in from all sides towards the centre, 
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the atmosphere must be deflected to the right in the northern hemis- 
phere, and consequently receive a gyratory motion around that cen- 
tre, from right to left, and the contrary in the southern hemisphere. 
Near the equator, this deflecting force vanishes, and consequently 
there are no cyclones there, as has been shown. 

64. Since the atmosphere is depressed in the middle of cyclones, 
they must sensibly affect the barometer; and this is the true cause 
of all the great barometrical oscillations, as was first suggested by 
Reprietp. As the cyclone approaches, there is generally a very slight 
rise of the barometrical column, which is at its maximum at the 
greatest accumulation near the external part of the cyclone, after 
which it is gradually depressed, until the middle of the cyclone 
arrives, where the atmosphere is most depressed, when the barome- 


ter is at its minimum, and then it returns in a reverse manner to 


its former height, when the cyclone has passed. In great storms 


the mercury sometimes falls more than two inches. In oblong 


storms, and all imperfectly developed cyclones, the same phenomena 
must take place in some measure, as in a complete cyclone. We 
have reason to conclude, therefore, that nearly all the oscillations of 
the barometer are caused by a cyclonic motion of the atmosphere, 
by which it is depressed in the middle of the cyclones. The cyclones 
may be very irregular and imperfectly developed, and not of sufficient 
violence to produce a strong wind, and several may frequently inter- 
fere with one another, so that the oscillations may frequently be 
very slight ones only, and very irregular. 

Since the gyratory motion of a cyclone, and the consequent de- 
pression at the centre, depend upon a term containing as a factor, 
cos 6, ($29), which is the sine of the latitude, according to the 
preceding theory of barometrical oscillation, the oscillations should 
be small near the equator, and increase towards the poles, somewhat 
as the sine of the latitude. Accordingly, at the equator, the mean 
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monthly range of oscillation is only two millimetres, or less than 
=; of an inch, while there is a gradual increase with the latitude ; 
so that at Paris it is 23.66"", and at Iceland, 35.91"". (Karmrz’s 
Meteorology, by C. WauKer, page 297.) 

65. The greater rarefaction of the atmosphere at some times 
than at others, without doubt, has considerable effect upon the ba- 
rometer; but the theory which attributes the whole of the baromet- 
rical oscillations to the rarefaction of the atmosphere produced by 
the condensation of vapor in the formation of clouds and rain, can- 
not be maintained ; for according to that theory, in the rainy belt 
near the equator, where there are always copious rains during the day, 
which are succeeded by a clear atmosphere during the night, the os- 
cillations of the barometer should be greatest, and towards the poles, 
where there is little condensation of vapor into rain, they should 
be the least ; but we have seen that just the reverse of this is true. 

66. When the disturbance of equilibrium is great, but extends 
over a small area only, the centripetal force is much greater than in 
the case of large cyclones, and the gyrations are then very rapid and 
very near the centre, as in the case of tornadoes. Tornadoes gener- 
ally occur when the surface of the earth is very warm, and the at- 
mosphere calm. For then the strata near the surface become very 
much rarefied, and are consequently in a kind of unstable equili- 
brium for a while, when from some slight cause, the rarefied atmos- 
phere rushes up at some point through the strata above, and conse- 
quently flows in rapidly from all sides below, and then, unless the 
sum of all the initial moments of gyration around the centre 18 
exactly equal 0, which can rarely ever be the case, it must run into 
rapid gyrations near the centre, and a tornado is the consequence. 
This may be exemplified by the flowing of water through a hole in 
the bottom of a vessel. If the fluid at the beginning is entirely at 
rest, it runs out without any gyrations ; but if there is the least per- 
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ceptible initial gyratory motion, it runs into very rapid gyrations 
near the centre. 

67. In the case of tornadoes, which are always of small extent, 
the influence of the earth’s rotation in producing gyratory motions 
is generally very small in comparison with that of the initial state 
of the atmosphere, as may be seen by examining equation (42). 
For if the atmosphere have a very small initial gyratory motion, 
the term uw’ depending upon the initial state, will be large in com- 
parison with x cosg depending upon the earth’s rotation, and 
hence the value of D,u, the angular velocity of gyration, depends 
principally upon the initial gyratory state of the atmosphere with 
regard to the centre of the tornado, and may be either from right 
to left, or the contrary. Hence there may be tornadoes at the 
equator, although here cannot be large cyclones. In large cyclones, 
the effect of the initial state, except at the equator, is insignificant 
in comparison with the influence of the earth’s rotation ; and the 
latter, moreover, is a constant influence, while the former is soon 
destroyed by resistances. Hence large cyclones are of long dura- 
tion, while small tornadoes, depending principally upon the initial 
gyratory state for their violence, are soon overcome by the resist- 
ances. 

68. On account of the centrifugal force arising from the rapid 
gyrations near the centre of a tornado, it must frequently be nearly 
a vacuum. Hence, when a tornado passes over a building, the ex- 
ternal pressure, in a great measure, is suddenly removed, when the 
atmosphere within, not being able to escape at once, exerts a pres- 
sure upon the interior of perhaps nearly fifteen pounds to the 
square inch, which causes the parts to be thrown in every direction 
to a great distance. For the same reason, also, the corks fly from 
empty bottles, and every thing with air confined within, explodes. 

69. When a tornado happens at sea, it generally produces a 
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water-spout. This is generally first formed above, in the form of a 
cloud, shaped like a funnel or inverted cone. As there is less resist- 
ance to the motions in the upper strata than near the earth’s sur- 
face, the rapid gyratory motion commences there first, when the 
upper strata of the agitated portion of atmosphere have a tenden- 
cy to assume somewhat the form of the strata in the case of no re- 
sistance, as represented in Fig. 3. This draws down the strata of cold 
air above, which, coming in contact with the warm and moist atmos- 
phere ascending in the middle of the tornado, condenses the vapor 
and forms the funnel-shaped cloud. As the gyratory motion be- 
comes more violent, it gradually overcomes the resistances nearer 
the surface of the sea, and the vertex of the funnel-shaped cloud 
gradually descends lower, and the imperfect vacuum of the centre 
of the tornado reaches the sea, up which the water has a tendency to 
ascend to a certain height, and thence the rapidly ascending spiral 
motion of the atmosphere carries the spray upward, until it joins the 
cloud above, when the water- 
spout is complete. The upper 
part of a water-spout is frequent- 
ly formed in tornadoes on land. 
When tornadoes happen on 
sandy plains, instead of water- 
spouts they produce the mov- 
ing pillars of sand which are 
often seen on sandy deserts. 
70. The routes of cyclones 
in all parts of the world, which 
have been traced throughout 
their whole extent, have been Fig 7 
found to be somewhat of the form of a parabola, as represented in 
Fig. 7. Commencing generally near the equator, the cyclone at first 
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moves in a direction only a little north or south of west, according to 
the hemisphere, when its route is gradually recurvated towards the 
east, having its vertex im the latitude of the tropical calm belt, as rep- 
resented in the figure. This motion of a cyclone may be accounted 
for by means of what has been demonstrated in (§ 31), which is, that 
if any body, whether fluid or solid, gyrates from right to left, it has 
a tendency to move toward the north, but if from left to right, to- 
wards the south. Hence the interior and most violent portion of a 
cyclone, always gyrating from right to left in the northern hemis- 
phere, and the contrary in the southern, must always gradually 
move towards the pole of the hemisphere in which it is. While be- 
tween the equator and the tropical calm belt, it is carried westward 
by the general westward motion of the atmosphere there, but after 
passing the tropical calm belt, the general motion of the atmosphere 
carries it eastward, and hence the parabolic form of its route is the 
resultant of the general motions of the atmosphere, and of its grad- 
ual motion toward the pole. 

It may be seen from equation (52), that the tendency of a gyrat- 
ing mass to move towards the pole is as sin y, or the cosine of the 
latitude, and the square of the diameter of the gyrating mass. 
Hence, near the equator, where the dimensions of the cyclone are 
always small, it moves slowly toward the pole, but as it gradually 
increases its dimensions, after passing its vertex, its motion towards 
the pole, and also its eastward motion, are both increased, and hence 
its progressive motion in its route or orbit is then accelerated, in ac- 
cordance with the observations of RepFrexp. 

71. By comparing equations (27) and (44), it is seen that they 
are very similar, and consequently the motions which satisfy them 
must be also similar. Hence the general motions of the atmosphere 


are similar to those of a cyclone. For the general motions of the 


atmosphere in each hemisphere, form a grand cyclone having the 
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pole for its centre, and the equatorial calm belt for its limit. But 
the denser portion of the atmosphere in this case being in the mid- 
dle instead of the more rare, instead of ascending it descends at the 
pole or centre of the cyclone. 

The southern cyclone having the more rapid motions on account 
of the resistances from the earth’s surface being less, causes a greater 
depression of the atmosphere there than in the northern cyclone, 
and throws the calm belt a little north of the equator, as has been 
explained. 

The tendency of the smaller local cyclones, as has been seen, is 
to run into the centres of the grand hemispherical cyclones, and 
thus to be swallowed up and become a part of them. 


[To be continued.] 





THE ELEMENTS OF QUATERNIONS. 


By W. P. G. BARTLETT, Cambridge, Mass. 


[Continued from Page 31.] 
III.— Tensors and VERsors. 

10. If «@ and 8 have the same direction, the quaternion g = 8 -- a 
degenerates into a real and positive number, expressing the numeri- 
cal ratio of the length of 8 to that of a, and is then called a Tensor. 
If, in this case, a = 1, the tensor g = 8 — 1 expresses the length 
of the line f, and is called the tensor of the line B. The tensor of B 
is written T8. The algebraic sum of two or more tensors is evi- 
dently a tensor; and, by §7, a tensor may be applied to any line in 
space without regard to its direction. Tensors, then, satisfy the con- 
dition of § 9, and are commutative in combination with any quater- 
nion. 

11. If Ta = T§8, the quaternion g = 8 ~ a degenerates into 
the single operation of turning the line « around some axis till it 
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coincides with 8, and is then called a Versor. An axis perpendicular 
to both « and 8, and such that rotation around it from the positive 
direction of « to that of f is positive,* is called the Azis of the versor. 


The angle 6 measured positively is called the Angle of the versor ; 


and is equal, as usual, to the angle (— _ , 


12. The lines « and 8 being given, let y be a line having the 
same direction as a, and let Ty — Tf. These conditions com- 
pletely determine y. Then, by § 9, as a, 8, and y are co-planar, 

g=B+-a=(8B=+7)(y+a)=(7+ 4) (B+ 7); 
but y + a isa tensor, and 8 — y isaversor. Any given quater- 
nion, then, may be resolved into a product of two other determinate 
quaternions, one of which is a tensor and the other a versor; in this 
case the former is called the tensor of the given quatermon, and the latter 


its versor. The tensor of a quaternion, g, is written Tg, and its ver- 
sor, Uq; thus 
(1) g=Ty.Ug=Uy.Ty. 
The axis and the angle of Ug may be written Ax.Ug and < Uq; 
or simply Ax.g and <q, and called the axis and the angle of ¢. 
If the axes of three or more quaternions are co-planar, it follows 
that their planes intersect In a common line. If 8B =a, then 
g=a+-al, andTg=1, Ug=1. 

13. If two or more quaternions are equal, their tensors must, by 
§ 12, be equal, and also their versors. As tensors are commutative, 
we have 

Mqg=THq.UlMg= Tq. HUgq; 

but evidently 
(2) 'H =: HT, whence also UH= Iv. 





* Either direction of rotation may be arbitrarily assumed as the positive one. 
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We see, however, from §8, that we do not have in general T 2 — 
2'T; and since U 2g must depend on the values of the tensors of 
the quaternions under the sign 2, while 2 Ug does not depend 
on these values, it is also evident that we do not have in general 
Uzs= ZU. 

14. To determine Ax.g, that is, to fix the direction of a line in 
space, requires two independent elements (such as latitude and 
longitude, altitude and azimuth, &c.). A quaternion, therefore, in- 
volves four independent elements, — two to fix its axis, and two 
more for its angle and tensor; and from this fact its name, guater- 
nion, is derived. If two quaternions have their four elements equal 
each to each, these quaternions must be equal. 

15. If in the equations of §9 we make y = —§, we have 


p=-—1, and pg = —q; whence 
(3) T(—g)=Tq Ax(—g)=Axg, <(—q)= 180+ <¢. 


If now we consider one axis the negative of another, when it has 


the opposite direction, a positive rotation around Ax.g is equivalent 
to an equal amount of negative rotation around — Ax.q; therefore 
instead of (3) we may have 


(3’) T(—g)=Ty, Ax.(—g)=—Axg, <(—g)=180°—<g. 
(4) 16. If Tp=Tq Axp=o=—Axg cp=— <4, 

or, what is the same thing, if 

(4’) Tp=Ty, Axp=Axq <p=—<4, 


then p is called the Conjugate of g, and is written p = K g. 
If p = Kg, evidently 


(5) g=Kp=KKq=K’y, q-Kg=Kq.qg= (Tq); 
and by substituting K q for g in (1) we have, since, by (4), UK=KU, 
(6) Kg=TKq.UKg=Tq.KUgq; 
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and by making the same substitution in (3) 
T(—Kqg)=TKg=Tg Ax.(—Kg) = Ax.Kg >= — Ax.g, 
a (—Kgq) = 180° + «<Kq= 180° + <9; 
but TK(—q)=T(—q)=Ty, Ax. K(—q)=— Ax. (—q) =— Ax.g, 
<K(—g)=<(—9) = 180° + <9; 
(7) whence, by § 14, K(—q) = — Kg. 
17. Let Ta = TB = Ty, and denote the versors, 8 — a, y ~ B, 


7 -- a, respectively by u, wv’, vw’. Then if 


(y+ B8)(8 +~«4)=yre>vu=", 
also (a+ f)(8 +~yv)=a+y=—Ku.Kw= Kw’; 
whence, by (6), 
(8) Kpg®*=Tpq.KUpgq=Tq.Tp.KUqg.KUp=Kgq.Kyp. 

As taking the conjugate of a quaternion amounts merely to 
changing the arbitrarily assumed positive direction of rotation to its 
opposite, we have 
(9) K2=> 2K. 

18. If any number of quaternions have a common axis, this axis 
will evidently be the axis of their product, and the angle of their 
product will be the algebraic sum of their angles. If all these 
factors are equal their product will be a power of a quaternion. Nega- 


tive and fractional powers are defined by the equations 


(10) g*¢ = 1 and q*° 9” = q", 


or q”"™=1+q" and g=q"-7”; 


in which m and x are real integer numbers. Evidently, for all real 
values of m, integral or fractional, 


* The conjugate of pq is here written Kpg. Hamitton uses K. pq. The pro- 
duct of g multiplied by Kp is uniformly written Kp.g. The same distinction is 
made with all symbols employed. 
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(11) Tg*=(Tq)", Ug?" =(Ug)”, Ax. g@=Ax.g, <g"=maqt 
After substituting g” for g in (4), and Kq for g in (11), a comparison 


of these equations leads, by a similar process to that used in obtain- 


ing (7), to the equation 

(12) Kq" = (Kq)”. 

The first of equations (10) is equivalent, by §$12 and 13, to the 
two equations 

(10’) so°* .. Te" a I, and Ge* .0e = 1; 

whence, since, by (4), Ug".UKg”"=1, _ it follows that 

(13) Ug" =U’; whence also, by (10), 
(14) f*2Tt¢* Ug * ate? .vaer = Te .A?¢. 
By putting pq for g and m = 1 in (14), we get by (8) and (14), 
(15) (pay *=(Tpgy* Kpg=T¢ og? TP ep '=7' eh 





* The tensor of g” is here written T g”. and the m™ power of Tg, (T.q)". Hamnt- 
TON uses T . g” and T qg” respectively. ‘The same distinction is made with all symbols 
employed. 

f It should be observed, that, when m is fractional, since <q — ¢ 360° +- <q, 
<q" =m (az q+ 360°); and in such cases <q” will have a certain number of 
different values for different integral values of ¢. For convenience, however, we sup- 
pose ¢ = 0, when nothing is said to the contrary, so that < g" = m <q im all cases. 

{ The geometry of this and some previous propositions may be shown as follows, 

supposing p and q to be only versors. Let a sphere be de- 
scribed with a radius of unity from the common origin of 
the lines a, &c. as a centre. Let the intersections of this 
sphere with these lines be connected by great circle ares. 
Then, by §§ 5, 7, and 9, we may represent q by either of 
the equal arcs, « 6, or 35, and p by ¢8, or By. Then pq 
is represented by ay, and gp by «5. Equations (4’) and 
(11) show that Kg and q™ are equal, when q is a versor, 
and that either may be represented by fa or 58. A 
simple examination of the accompanying figure shows the 
meaning of (15) and §$7 and 9, as far as versors are 
concerned; and as tensors are mere numerical elements 
following the ordinary rules of arithmetic, they add no 
difficulty to these cases. 
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A SECOND BOOK IN GEOMETRY. 
[Continued from Page 410, Vol. I.] 


CHAPTER VI. 
THE PYTHAGOREAN PROPOSITION. 


64. WE recollect that the square built on the hypotenuse of a right triangle is equivalent 
in its area to the sum of the squares built upon its legs. This is one of the most useful of 
all geometrical truths. Let us first analyze it in one or two modes, 
and then build it up synthetically by the same paths. We may 
afterwards, if we like, devise other modes of analysis and synthe- 
sis, for this proposition, like all others, may be approached in 
various ways. 

65. The Pythagorean proposition or theorem might be suggested 
in different ways. But in whatever way we were led to suspect 
that the square on the hypotenuse is equivalent to the sum of the 
squares on the legs, we should, in reflecting upon it, probably begin 
by drawing a right triangle with a square built upon each side. 

66. We should inquire whether the square on the hypotenuse 
could be divided into two parts that should be respectively equal 
to the other two squares. And we should judge that these parts should be somewhat similar 
to each other in shape, because the legs do not differ in their relations to the hypotenuse 
except in size, and in the angles they make with it. 

Fig A. 67. But we cannot readily conceive of any division of the 
square into two somewhat similar parts, except into two rectan- 
gles. And then it is apparent that two rectangles bearing 


c.~ respectively the same relations to the squares on the legs, may 

K be found by drawing a line from the vertex of the right angle at 
A \ 

z |® 














right angles with the hypotenuse, and continuing it through the 
square, as C F is here drawn. 

68. It will now only be necessary to show that one of these 
rectangles is equivalent to its corresponding square ; because the 
same mode of proof will obviously answer for the other rectangle 
and its square. 

B F G 69. Now if we know, or can prove, that the area of a rectan- 
gle is measured by the product of its sides, we shall have to prove that AE X AB’ or 
AE x AB is equivalent to AC x AC’. 

70. But by the doctrine of proportion it may be shown that this would be equivalent to 
saying that A E is to AC as AC is to AB. 

71. Again, it may be shown by geometry that this proportion between the lines AB, AC, 
and AE, would be true if the triangle A E C were similar to A C B, and that A E stood in one 
to AC, as AC stood to AB in the other; so that all that remains for us to do is to show that 
these triangles are similar. 

72. But we can show by geometry that two triangles are similar when their angles are equal. 

73. And it is easy to show that the angles of these triangles are equal to each other. 

74. For C AB and CAE are the same angle; ACB and AEC are both right angles, and 
therefore ABC and ACE are each complements of C AE. Moreover, AC and AE are 


situated in the triangle AEC, in the same manner that AB and AC are situated in the 
triangle AB C. 
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75. We have thus, in articles 66 - 74, sufficiently analyzed the Pythagorean proposition to 
enable us to build it up again in a deductive form. This analysis, however, has been partly 
algebraical, as it has introduced the idea of multiplying two lines to produce a surface. Let 
us now begin and build up the proposition by the same road. We shall find 31 articles neces- 
sary, and I will number them from 76 to 106. 


First Proof of the Pythagorean Proposition. 

76. Definition. The comparative size of two quantities is called their ratio; thus if one is 
twice as large as the other, they are said to be in the same ratio as that of 2 to 1; or to be in 
the ratio 2 to 1; or it is said, in a looser way, that their ratio equals 2. 

77. Notation. Ratio is written by means of the marks :, —, and by writing one quantity 


over the other. Thus, A: B, A —B, and 4 are each used to signify the ratio of A to B. 


These marks are the same as those used in arithmetic to signify Quotient, because the meaning 
of a quotient is “a number having the same ratio to one, that the dividend has to the divisor.” 
The ratio of A to B is not the quotient of A divided by B, but it is the ratio of that quotient 
to unity. 

78. Axiom. If each of two quantities is multiplied or divided by the same number, the 
ratio of the products or quotients will be the same as that of the quantities themselves. Thus 
twenty inches is in the same ratio to twenty rods as one inch to one rod, or as the twentieth of 
an inch to the twentieth of a rod. 

79. Definition. A proportion is the equality of two ratios. Thus (if we use the sign = to 
signify “is equal to”) A: B = C: D is the statement of a proportion. It signifies that A is in 
the same proportion to B that C is to D. 

80. Definition. When a proportion is written as in article 79, the first and last terms, that 
is, A and D, are called the extremes, and the others, that is, B and C, are called the means. 

81. Theorem. In every proportion the product of the means is equal to that of the extremes. 
— Proof. In any proportion, as M : N = P : Q, we wish to prove (using the mark X to signify 
“multiplied by”) that M x Q=N xX P. Now in order to do this, we must use only self- 
evident truths. The only truth of this character that we have given above is that of article 
78. But in order, by means of the multiplications of article 78, to change the first ratio M : N 
into M X Q, we must, whatever else we do, at least multiply each term by Q, and this will 
give uu MX Q:N XK Q=P: Q, and in order to change the second ratio P : Q into N x P, 
we must, at all events, multiply each term by N, and this will give us M kK Q:N K Q= 
NXP:NxQ 

Thus from the self-evident truth of article 78 we find that the product of the means bears 
the same ratio to the product N x Q that is borne to it by the product of the extremes. 
And as it is self-evident that two quantities, bearing the same ratio to a third, must be equal to 
each other, we have proved that the product of the means is equal to that of the extremes. 

82. Definition. When both the means are the same quantity, that quantity is called a mean 
proportional between the extremes. 

83. Corollary. It follows from article 81, that the product of the mean proportional multi- 
plied by itself is equal to the product of the extremes. 

84. Definitions. A unit of length is a line taken as a standard of comparison for lengths. 
Thus an inch, a foot, a pace, a span, etc., are units. The length of any line is its ratio to the 
unit of length. 

85. Definition. A unit of surface is a surface taken as a standard of comparison. The most 
common unit of surface is a square whose side is a unit of length. 
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86. Definition. The area of a surface is the ratio of the surface to the unit of surface. 

87. Theorem. Any straight line in the same plane with two parallel lines makes the same 
angle with one that it does with the other. — Proof. For as the straight line has but one direc- 
tion, and each of the parallel lines may always be considered as going in the same direction as 
the other, the difference of that direction from the direction of the third straight line must be 
the same for each of the parallel lines. 

88. Corollary. If a straight line is parallel to one of two parallel lines, it is parallel to the 
other; if at right angles to one of the two, it is at right angles to the other. 

89. Theorem. If a straight line make on the same side of itself the same angle with two 
other straight lines in the same plane, those other straight lines must be parallel. 

Scholium. The line must not be conceived as reversing its direction at any point. — Proof. 
For if two directions differ equally from a third, they must be equal to each other. 

90. Axiom. If the boundaries of one plane surface are similar to those of another in such 
a way that the two surfaces would coincide in extent if laid one upon the other, the two sur- 
faces are equivalent. 

[To be continued.]} 
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The very high commendations of this work from the most distinguished sources warrant the publishers in urging the attention of all 
teachers of the science to this opportunity of securing a superb work at a very low price. 


A. S&S BARNES AND BURR, 


PUBLISHERS OF 


DAVIES’S COMPLETE COURSE OF MATHEMATICS. 


To this popular series of Text-books have recently been 
added two entirely new works on Algebra, entitled 


NEW ELEMENTARY ALGEBRAS embracing the First 
Principles of the Science. By CuakLtes Davirs. 299 pp. 
12mo. Cloth. Price, 75 cents. 

BLOOMINGTON, ILL., Sept. 5, 1859. 

Messrs. A. 8. BARNES AND BURR: — 

Gentlemen : —I have examined Davies’s New Elementary Algebra, and 
am free to say that I deem it superior in every respect to any work on 
Elementary Algebra that has come under my observation. 

Very respectfully yours, 
OSEPH FICKLIN, 
Prof. Mathematics i in Bloomington Female College. 


UNIVERSITY ALGEBRA? embracing a Logical Develop- 
ment of the Science, with numerous Graded E: xamples. By 
CHARLES Davirs. 320 pp. 12mo. Sheep. Price, $1.00. 

SYDNEY, O., Sept. 30, 1859. 
Sirs :—I received a copy of the University Algebra, and from a cursory 
examination of it, I think it is destined to supersede all other Alge bras above 
the elementary grade in our Union Schools and Seminaries, as it compri-xes, 
in a convenient, concise, and compact form, all that is usually required in 

that branch of mathematics. 
Yours, &c. 
W. HL SCHUYLER, 
Principal of Union School. 


Just issued likewise : 


ELEMENTS OF MECHANICS. For the Use of Colleges, 
Academies, and High Schouls. By Wm. G. Peck, M. A., Pro- 
fessor of Mathematics, Columbia College. 338 pp. 12mo. Cloth. 
Price, $ 1.25. 

Prof. B. F. STEM, Principal of Easton (Pa.) High School. writes : — 

* This book supplies a want long felt. [t is a work of deep research, 
simple in its arrangement, complete in its examples and rules, and is an 
admirable volume to assist the intelligent teacher. ‘There can be no doubt 
but that it will have a large sale, as it deserves to have.”’ 


OG Copies of these new works will be furnished teachers for ex- 
amination, post-paid, on receipt of one half their respective prices. 


A. 8. BARNES & BURR, Publishers. 


NATURAL PHILOSOPHY FOR COLLEGES. By W. 
H. C. Bartiert. LL. D., Professor of Natural Philosophy in 
the Military Academy of the United States. 

BARTLETT'S SYNTHETIC MECHANICS 

BARTLETT'S ACOUSTICS AND OPTICS . 

BARTLETT’S SPHERICAL ASTRONOMY , 

BARTLETT'S ANALYTICAL MECHANICS. ... 


From Joun A. NICHOLS, 
Academy, New York : — 

* Professor Bartlett's Course of Natural Philosophy, entitled Mechanics, 
and Acoustics, and Optics, have been text-books in the department of Nat- 
ural Philosophy in this institution about two years, They have been found, 
by a daily test in the class-room, to possess that essential quality of works © f 
merit, namely, the more familiarly they are known, the better they are liked. 
They develop the principles of N atural Philosophy by means of the Mathe- 
matical Analysis. and, by the aid of the same unfailing agent, investigate 
the laws of machinery, the effects of friction, and other resisting forces, and 
the motion of the planets, basing every process upon the fundamental re- 
sulta of observation and experiment. 

“The methods of Professor Bartlett’s works reward without discouraging 
effort ; and, when faithfully studied, these works give a discipline of mind 
of the highest importance to any man, whether he seeks for reputation and 
support in the study, the workshop, the mart, or the forum.” 


+ $3.00 
2.00 
3.50 
4.0U 


Professor of Natural Philosophy in the Free 





es 4h ty FOR COLLEGES. By Wm. Grecory, M.D., 
.S.E., Professor of Chemistry in the University of Edin- 
Edited by J. M. Sanpexs, M. D., LL. D. 


INORGANIC CHEMISTRY. For 
To which is added the Physics of Chem- 
Cloth. Price, $1.50. 


ime 


HAND-BOOK OF 
the Use of Students. 
istry. 


426 pp. vo. 
HAND-BOOK UF ORGANIC CHEMISTRY. 
Use of Students. 480 pp. 8vo. Cloth. Price, $1.50. 
“Among the excellences of these works are a clear statement of facts 
and principles, a concise mode of explanation, and a scientific arrangement. 
Together they form one of the best manuals extant in chemical science. 
They contain all the ‘ modern improvements’ that have attained the dignity 
of scientific truth. We give them our hearty commendation.” — New York 
Teacher. 


For the 


Among the recent additions to the National Series of Standard 
School-Books, published by A. S. BARNES and Burr, are several 
very valuable ones to the popular 


SCHOOL-TEACHER’S LIBRARY. 


THE NORMAL 3 or, Methods of Teaching the Common 
Branches, Orthoepy, Orthography, Grammar, Geography, Arith- 
metic, and Elocution. By ALFRED HoLBnook, Principal of 
Normal School, Lebanon, Uhio. 456 pp. 12mo. Cloth. 
Price, $1.0. 

** This hook is designed to bring to the teacher’s view a model working 
school. [tis not all theory, but theory and practice combined. It is a text- 
book on the science of teaching, a sort of perpetual Institute to every teach- 
er who is so f. rtunate as tu possess a copy. Those of the largest experience 
will here find things new, while the merest tyro in teaching, with ‘ The 
— al? for an instructor, need never be at fault in his school.’? — School 

isitur. 


THE HIGHER CHRISTIAN EDUCATION. By Bey- 
JAMIN W. DwiGut. 347 pp. 12mo. Cloth. Price, $1.00. 
From CHARLES NORTHEND, Author of * Teacher and Parent.” 
“It is a work of rare merit. The bovk will do good. I shall earnestly 
commend it.” 


INSTITUTE LECTURES ON MENTAL AND MORAL 
CULTURE. By Samuet P. Batrs, A. M., Supt. of Public In- 
struction, Crawford County, Pa. 319 pp. 12mo. Cloth. $1.00. 

“ We find these Lectures well written, and replete with sound views and 
full information.”? — Philadelphia Press. 


The TEACHER'S LIBRARY now includes the following volumes, 
all of incalculable value to the growing teacher : 


PAGE’S THEORY AND PRACTICE OF * camammes . 
NORTHEND’S TEACHER AND PAREN" . 
ROOT ON SCHOOL AMUSEMENTS, GYMNAST ICs, &e. 
MANSFIELD ON AMERICAN EDUCATION ° e 
MAYHEW ON UNIVERSAL EDUCATIO 
DF. TOCQUEVILLE ON AMERICAN INSTIT UTIONS . 
DAVIES’S LOGIC OF MATHEMATICS . . 
HOLBROOK’S NORMAL METHODS OF TEAC HING . 
DWIGHT’S HIGHER CBRISTIAN EDUCATION . . . 
BATES’S INSTITUTE LECTURES ° . 
BARNARD ON SCHOOL-HOUSE ARCHITECTURE » ° . 
BARNARD ON NORMAL SUCHOOLS ° . 


Of these volumes, and about two nando other valuable educa- 
tional works, 1 complete and extended description may be found in 
the publisher's [lustrated Descriptive Catalogue, which will be for- 
warded to any address on application. 
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A. 8. BARNES AND BURR, 51 and 53 John Street, New York. 
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THE MATHEMATICAL MONTHLY, 


And the VARIOUS EDUCATIONAL WORKS published by 


IVISON AND PHINNEY, 


Can be found at the following Bookstores in various parts of the Union ; most of whom will, if desired, 
receive subscriptions for the MatHemMatTicaL Montu ty ; but where it can be safely 
and conveniently done, it is better to remit direct to the publishers. 


Sever & Francis, P ° . Cambridge. | Bloomfield, Steel & Cv., . - New Orleans. 
Brown, Taggard & Chase, . Boston. \ Metcalf & Hibbard, . - Alton, Il. 

A. Williams & Co., . » - Boston. A. H. Whittemore & Co., . Milwaukie. 
Dexter&Co,. . . «. #\New York. Samuel C. West, - « Milwaukie. 

Ross & Toucy, . ° . . New York. I. M. Davison, . ° ° - Piusburg. 

J. B. Lippincott & Co.,. . Philadelphia. J.B.Cobb&Co., . . «. Cleveland, 
Sower, Barnes & Co., : . Philadelphia. D. Anderson & Co., .« . - Toledo 

Sanborn & Carter, . e ° Portland, Me. Steele, Avery & Co., Rochester. 
Francis Blake, . > ‘ Portland, Me. Goss & Williams, Auburn. 

8. C. Griggs & Co., ° ° Chicago. Wynkoop & Bro., . Syracuse. 

Moore, Wilstach, Keys & Co., . Cincinnati. I. Tiffany, . ° e ‘ . Utica. 

Rickey, Mallory & Co., . . Cincinnati. Brown & Gross, . ° . Hartford. 
Anderson, Gates & Wright, . Cincinnati. S. R. Gray, stim ‘ - Albany. 

Phinney & Co., ° : . Buffalo. Moore & Nims, : « roy. 

Francis Raymond, . ° - Detroit. W.H. Young, . , , « Troy. 
J.M.Cooper&Co.,  . - Savannah. J. Hechtman, . : . St, Anthony, Min, 
McCarter & Co., ° ‘ . Charleston, S.C. George Little, . ‘ ° . St. Paul, Min. 

S. Townsend & Co.,_. - Columbus, S.C. J.M. Williams,- . *. - Leavenworth, K. T. 
Goetzel & Co., ». ° - + Mobile, Ala. C.C. Woolworth, . : - Omaha, Nebraska. 
Berry & Co., . ; ° . Nashville. J.T. Williams, . ° . Mankato, Minn. 
Keith & Woods, P - St. Louis. 


Besides the above are many other houses for whose names we have no room. 

If at any time the Mathematical Monthly, or any of our books should not be found at the above places, we 
shall be glad to be informed of the fact, and to fill any orders by direct communication. 

Teachers in all places, by an a with booksellers, can easily be furnished with our books, and where 
no bookstore is accessible, we will send them by mail, post paid, at a price which shall in no case exceed the re- 
tail price. In all such cases, a remittance of the amount must accompany the order, either in money or postagt 
stamps. 


—> ° 44> 1 


IVISON & PHINNEY, New York, 


— PUBLISH —— 


Che American Bducational Series; 
A COURSE OF PRACTICAL AND PROGRESSIVE 


SCHOOL AND COLLEGE TEXT BOOKS; 


IN WHOLE OR IN PART OFFICIALLY 


Adopted by the State Superintendents of Public Instruction and Boards of Education 
In nearly every State where any Official Examination and Adoption has been made. 


15,000,000 
thave been sold, and the circulation is steadily increasing. They are also officially commended and principally used in 
the PUBLIC SCHOOLS of New York, Philadelphia, and many other large cities and towns, and in the principal 
NORMAL SCHOOLS throughout the Union. 

They are recommended by TWENTY EDUCATIONAL JOURNALS, and by One Hunprep ann Firty 
other most respectable Journals, Literary, Religious, etc. 

From SupeRintenDeEnts of States, Counties, and Cities, from Presidents and Professors of Colleges, and from 
Teachers and Practical Educators, and the press throughout the Union, we have OVER 200 ROYAL OCTAVO 
oe OF TESTIMONIALS to the superior merit of these Books, selections from which will be sent free, on ap- 
plication. 

— THE SERIES EMBRACES —— 
SANDERS’ NEW READERS, SPELLERS, etc. | WOODBURY’S GERMAN SERIES. 
ROBINSON’S COMPLETE MATHEMATICS. | HITCHCOCK’S ANATOMY AND PHYSIOLOGY. 
THOMSON’S PRACTICAL ARITHMETICS. | Ready December, 1859. 
WILLSON’S HISTORICAL SERIES. | SPENCERIAN PENMANSHIP. New edition. 8 books. 
WELLS’ (D. A.) PHILOSOPHY, CHEMISTRY, & | O’DONNELL’S PENMANSHIP. 8 books. 

SCIENCE OF COMMON THINGS. Allillusirated.| BRYANT & STRATTON’S BOOKKEEPING. 
WELLS’ (W. H.) GRAMMAR. 280thed. Revised. Ready November, 1859. 

COLTON & FITCH'S GEOGRAPHIES. SCHUSTER’S DRAWING BOOKS — beautifully en- 
GRAY’S (ASA) BOTANIES. Graded. 2500 Cuts. graved. 

BRADBURY’S SCHOOL MUSIC BOOKS. 10 Books. | IVISON & PHINNEY’S SCHOOL RECORDS, DIA- 
FASQUELLE’S FRENCH SERIES. RIES, REGISTERS, etc., etc., etc. 


(G A NEW DESCRIPTIVE CATALOGUE (of 160 pages) and “THE EDUCATIONAL NEWS ” (quar- 
terly), with matter interesting to Teachers, descriptions, notices, testimonials, prices, etc., sent free, on request. 

(> Liberal Terms for Specimen Copies and first supplies for Schools. 

(G= TEACHER’S FREE READING ROOM, with American and’ English Educational Journals, etc., open 


in business hours. 
rIwWwisowmn ce Poin NEY, 


Publishers, 48 & 50 Walker Street, New York. 
SOLD BY BOOKSELLERS GENERALLY EVERYWHERE. 
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RSE OF MATHEMATICS. 


BY HORATIO N. ROBINSON, LL.D. 
IX. Robinson’s Key to University Algebra, 1 00 


metic, 15 X. Robinson’s Geometry and Trigonome- 
If. Robinson’s Progressive Intellectual } ry; 150 
Arithmetic, 25 | XI. Robinson’s Surveying and Navigation, 1 50 
III. Robinson's Progressive Practical Arith- XII. Robinson's Analytical Geometry and 
metic, 56 Conic Sections, 1 
IV. Robinson’s Key to Practical Arithme- XIII. Robinson’s Differential and Integral 
tic, 50 Calculus, 150 
V. Robinson's Progressive Higher Arith- XIV. Robinsen’s Elementary Astronomy, 75 
metic, 75 XV. Robinson’s University Astronomy, 175 
VI. Robinson’s New Elementary A 75 | XVI. Robinson’s Mathematical Operations, 2 25 
VII. Robinson's Key to Elementary Algebra, 60 | XVII. Robinson's Key to Algebra, Geometry, 
VIII. Robinson's University Algebra, 125 | &c., (In Press.) 


For extent of research, facility and aptness of illustration, and practical usefulness, the author of this series is 
surpassed by no mathematical writer in this country. This Series has been cordially recommended by many of the 
most eminent Mathematicians in the country. Among them, — 


Hon. W. C. Larrabee, Superintendent Public Instruc- | Prof. Stone, Iowa University. 
tion, Indiana. rof. Beattie, Wesleyan University. 
Hon. Jona. Tenny, Secretary Board of Education, N.H. | President Rawlins, Asbury Female College. 
Hon. Lyman C. Draper, Superintendent Public In- | Prof. Standish, Knox College. 
strution, Wisconsin, Prof. Hudnot, Lind University, Il. 
Hon. 8S. H. Carpenter, Assistant Superintendent, Wis- | Prof. H. Pomeroy, Lawrence University, Wis. 
consin. ; Rev. Dr. Conrad, Cooper Female Institute. 
Prof. Dewey, Rochester University. President D. Burbank, LL. D., Brockport Collegiate 


Prof. McFarland, Miami University. Institute. 
Prof. Thompson, Hanover College. Hon. Henry Kiddie, Assistant Superintendent, New 
Prof. Wilson, Hobart Free College. | York city. 


NEW RECOMMENDATIONS, 


In the January and March No.’s of Ivison & Putnney’s Educational News, a list of recommendations of 
Rostnson’s Works was given, nen, the testimonials of several Professors of Mathematics, and of more than 
Twenty County Gommissioners of the State of New York, and of several ‘Teachers’ Associations. Since that time, 
and within three months, the publishers have been favored with a mass of Testimonials (rom mosi important sources, 
which can only be referred to in this place, and which furnish the highest proofs of the great value and adaptation 
of the works. The following names are selected from hundreds of eminent Teachers who have recently given cordial 








and discriminating commendations. 


Prof. D. Wood, Prof. Engineering and Physics, Uni- 
versity of Michigan. 

Prof. James C. Watson, Assistant in Observatory, Uni- 
versity of Michigan. 

Prof. 8. S. Greene, Brown University. 

Prof. J. W. Patterson, Dartmouth College. 

Prof. T. Mc. Ballentine, Prof. of Mathematics, Cum- 
berland College,  § 

W. H. Seavey, A. M., Principal Girls’ High and Nor- 
mal School, Boston, 

Prof. Dascom Greene, Prof. of Mathematics, Troy 
Polytechnic Institute. 

Prof. J. W. Sterling, A. M., Prof. of Mathematics, 
Wisconsin University. 

Prof. C. Tracy, Prof of Mathematics, State Agricultu- 
ral College, Michigan. 

Prof. C. T, Farrar, Elmira Female College. 

Prof.S &. Fowler, Prof. of Mathematics, Hillsdale Col- 
lege, Long «= 

D. B. Paine, Byhalia Academy, a. 

Prof. W. A. Clark, Principal Genesee Wesleyan Semi- 
nary. 

Prof. W. S. Rogers, Alfred Academy, New York. 

Prof. N. W Butts, Principal Medina Academy, New 


York. , 
0. 8. Throop, President Genesee County Teachers’ As- 


sociation. . 


@@ For 25 Souip Paces or TrestTiMONrIAts 


¥ue6, 3 > Casc, Principal Red Creek Academy, New 

ork. 

Z. e maa Principat Union School, Corning, New 
ork. 


Prof. W. L. Harvey, Lagrange, Mo. 

Prof. A. C. Richmond, Cotton Hill, Georgia. 

Prof. J. 8. French, London Bridge. New Hampshire. 
James Atwater, Esq., Superintendent Schools, Lock- 


port, N. Y. 
Prof. E. A. Charlton, A. M., Principal Union School, 
Lockport. N. Y. 
Prof. C. W. Sanders, A. M., New York. 
Prof, E. Chamberlain, Elkhorn Academy, Wisconsin. 
J. K. Comstock, West Ouondaga, N. Y. " 
vies L. Hall, A. M., Principal Union School, Bath, 


E. B. Hall, Union School, Fairport, N. Y. 

Prof. Rufus Sheldon, Principal Auburn Academy, N.Y. 
Prof. Charles Fairman, Prin. Yates Academy, N. Y. 
B. C. Rude, Principal, Union School, Newark, N.Y. 

oe 8 Pratt, A. M., Principal Academy, Fredonia, 


T. K. McArthur, North Sharon, Pa. 

Prof. D. Brown, A. M., Cockrum, Miss. 

Prof. J. B. Snow, Principal Union School, Lyons, N. Y. 

oe ow {ndiana Norma! lustitute, Burnetts- 
viile, Ind. 








from practical and successful educators, see Ivison 


& Puinney’s Descriptive CaTALoGuE, and “News.” 


G Single copies of such of these books as are used in classes sent at half price to Teachers for 


examination with a view to introduction. Liberal 


terms for first supplies. 


rIvVvison ct PHINNEY, 














Publishers, 48 and 50 Walker Street, New York. 























